We study positive radial entire solutions of second-order quasilinear elliptic systems of the form
Introduction
This paper is concerned with the existence and asymptotic behavior of positive radial entire solutions of second-order quasilinear elliptic systems of the form
An entire solution of (1.1) is defined to be a function (u, v) ∈ C 1 (R N ) × C 1 (R N ) such that |Du| p−2 Du, |Dv| q−2 Dv ∈ C 1 (R N ) and satisfies (1.1) at every point of R N . An entire solution (u, v) of (1.1) is said to be radial if it depends only on |x| and positive if u > 0, v > 0 throughout R N .
For the scalar equations
and ∆ p u = f |x|, u, |Du| , x ∈ R N , the problem of existence, nonexistence, and asymptotic behavior of positive radial entire solutions has been extensively investigated by many authors, and numerous results have been obtained. Related results on this topic are found in [1] [2] [3] [4] [9] [10] [11] [12] [13] and references therein.
On the other hand, very little is known about this problem for system (1.1) except for the case p = q = 2 (i.e., semilinear elliptic system). For p = q = 2, we refer to [5, 7, 8] .
Recently, in [14] , the system
has been considered and sufficient conditions are obtained for existence and nonexistence of nonnegative nontrivial radial entire solutions. However, in [14] , we have no results about the asymptotic behavior of positive radial entire solutions obtained there. The purpose of this paper is to establish necessary and/or sufficient conditions for (1.1) to have positive radial entire solutions of the following types:
(i) For p < N (respectively, q < N), bounded solutions which converge to positive constants as |x| → ∞; (ii) For p N (respectively, q N ), unbounded solutions with specific order of growth as |x| → ∞.
The desired solutions of (1.1) are obtained by solving, via the Schauder-Tychonoff fixed point theorem, system of nonlinear integral equations which are formed by means of "inverse" of one-dimensional polar form of the N -dimensional m-Laplace operator.
The paper is organized as follows. In Section 2, our main results are stated. In Section 3, we give some lemmas which are crucial to prove our results. In Section 4, we give the proofs of our results. In the final section (Section 5), we give examples to illustrate our results.
Statement of results
In this section, we state our main results. The conditions of f and g needed in establishing the existence of solutions of (1.1) are selected from the following list: A typical example for which our assumptions hold is the system
where
, and α i 0 and β i 0, i = 1, 2, are constants satisfying
For this system condition {(H1),(H2)} or {(H1),(H3)} holds according as (2.1) or (2.2) holds.
To state our results simply we introduce the functions h and k by
respectively. We now state our main results. Theorem 2.1. Suppose that either {(H1),(H2)} or {(H1),(H3)} holds. Suppose in addition that there exist constants c 1 > 0 and c 2 > 0 such that
4)
with some p and q . Then there exist infinitely many positive radial entire solutions (u, v) of (1.1) such that 
Some lemmas
In this section, we give some lemmas which play an important role to our results. We 
We use the notation r * = max{1, r}, r 0.
The next two lemmas, which will give upper estimates for the operator J N,m , are crucial to prove our existence results. , r 0.
, r 0.
log(er * ), r 0.
, and φ(r) 0 for r 0. Then
Proof of Lemma 3.1. Since the proofs of (i), (ii), and (iv) are given in [4, Lemmas 1.1 and 1
.2], we prove only (iii). Let m < N and φ
For r 1, we have
The second term of the right-hand side of (3.2) is estimated as follows:
log r.
Using this estimate and (3.1) in (3.2), we have
log(er * ), r 1.
This completes the proof. ✷ Proof of Lemma 3.2. Let 1 < m 2 < N and φ ∈ C[0, ∞) be a nonnegative function. Using Hölder's inequality, we have
. This completes the proof. ✷
The lower estimate for the operator J N,m is given below.
, r 0. 
The proof is finished. ✷
Proof of theorems
In this section Theorems 2.1-2.4 are proved. We first observe that (u, v) is a positive radial entire solution of (1.1) if and only if the function (y(r), z(r)) = (u(x), v(x)), r = |x|, satisfies the system of ordinary differential equations
where = d/dr. Integrating (4.1) twice, we obtain the following system of integral equations equivalent to (4.1):
where a = y(0), b = z(0). So it suffices to solve (4.2).
Proof of Theorem 2.1. We first consider the case that p < N and q < N. In this case, conditions (2.3) and (2.4) imply that
From condition {(H1),(H2)} or {(H1),(H3)}, we see that for any l > 0, = 0.
Then we can choose constants a > 0 and b = al > 0 so that
(4.5)
Let Y denote the set defined by , r 1.
Thus we obtain 0 ỹ (r) )) is a positive radial entire solution of (1.1) with the required asymptotic property (2.5). Since infinitely many (a, b) satisfy (4.4), we can construct an infinitude of positive radial entire solutions of (1.1) with the asymptotic property (2.5). This completes the proof for the case that p < N and q < N.
For other cases, we give an outline of the proof. Conditions (2.3) and (2.4) can be written as
, ck(r * )) dr < ∞. As before we can choose constants a > 0 and b > 0 so that
with
where C(N, p) and C(N, q) are defined by (4.5) . Notice that, when p = N (respectively, q = N ), we replace h(r * ) (respectively, k(r * )) with h(er * ) (respectively, k(er * )) in (4.9). These replacements should be done in the sequel of the proof. For other cases, the desired positive radial entire solutions of (1.1) are obtained from fixed points of the operator F , given by (4.6) and (4.7), lying in the set
where a > 0 and b > 0 are chosen so that
We note that in the above argumenth(r * ) (respectively,k(r * )) is replaced byh(er * ) (respectively,k(er * )) when p N (respectively, q N ). The details of the proof are left to the reader. ✷ Remark 4.1. When p < N (respectively, q < N), the positive radial entire solutions u (respectively, v) constructed in the proof of Theorem 2.2 have the asymptotic growth
Proof of Theorem 2.3. Let N > 2, 1 < p 2, and 1 < q 2. Conditions (2.8) and (2.9) can be written as
We now show that the operator F defined by (4.6) and (4.7) has a fixed element in the set
where a > 0 and b > 0 are constants satisfying 
which, in view of (4.6), implies thatỹ(r) 2a. Similarly, we obtainz(r) 2b. Therefore F maps Y into itself. 
The following statements follow from Theorems 2.1-2.4: (i) Let p < N and q > N. Suppose that if 1 < p 2, then (i) Let 1 < p < 2 and 1 < q < 2. It is found that the conditions of Theorem 2.1 never hold for any c 1 > 0 and c 2 > 0. Therefore we cannot establish existence results directly from Theorem 2.1. However, since Furthermore it is found that the conditions of Theorem 2.2 cannot hold. So, in this case, we do not know whether (5.3) has positive radial entire solutions or not.
